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_> Causal and Stable systems \

Definition:

H(z)= i h[n]z™

Nn=—00

Causal : {h|n]} =0 forn<0
H(z)= ih[n]z_”

Example :
Consider two identical systems :

fh[n]} = (12", n >0

> h1 [n] > hz [n] >
x[n] y[n]

h,[n] =h,[n]=(1/2)" ,n>0
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Response :

y[n] = (xX[n]* hy[n] )* hy[n]

Taking the z transform we have:

Y(z) = X(2)H,(2) Hy(z)

Suppose Now : x[n]=1 for n>0

\ X(2)= 1—121
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Therefore now the response of the
system for the given Input would be

Y(z)=

le. Y(z)=

I
(2=1z=7)

4z ~ 2z z°

Le. Y(z)= —
) @y

y[n]=4- 2(%)” —(n+ 1)(%)”11 >0
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The system 1s said to be stable if and only 1f :

Stability Theorem :

o0

D | Aln]|< oo

n=—0

Recall :

o0

yinl= Y Hmpdn—m]

m=—0a0

assume :
| x[.]|< < o0
then

[ yn][€ 3 | Alm]|iln—m]|




—p D0 [y
Discrete

Follows : |y[n]| is bounded if and only if -

o0

D | hln]|<

n=—0o0

Stable Causal Systems :

Example :
thn]} <> {H(2)}
H(z)=C, + G + ¢,
z—py Z2— P,

Poles : py, p,
Follows : h[n] — Cos[n] -+ Clpln + Czpzn
If h[n] - 0, as n — oo then: Z| hn]|< oo

n=—00

Implies — 1f [p;| <1 for all 1
@] —> 0, as n —> © /
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ROC includes the unit circle |z| = 1 for a stable
{Ip;] < 1} causal systems.

Formal Definition: A causal system with a
rational transfer function H(z) 1s stable 1f all the
poles (p;) of H(z) are located inside the unit

tde. J
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z
(z=p)
h[n]=np" 'u[n]

hn]l—0 iflp|<1
as n — oo

H(z)=

Stable even for repeated poles if |p;| < 1

Marginally Stable
H(z)=—=
(z—-1) =
pyr 2l

1s not satisfied.

For finite N Z\ h[n]| 1s bounded

Qlelsonﬂl /
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Complex Conjugate poles on the unit
circle :

1 1
-z e ]90) (I—z /%)
hn]= e/t 4 g7/
hln]=2cos(6,n)u[n]
Z| h[n]|< cois satisfied for finite N.

H(z)=

Multiple poles repeated on the Unit circle
will make the system to be unstable.

Note: 6=wT (rad)
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Examples

1. The trapezoidal integration formula can be represented as an IIR

digital filter represented by a difference equation given by
yln]=y[n-1]+ (1/2) {x[n] +x[n—1]}

with y[-1] = 0. Determine the transfer function of the above
filter.

Soln) Given, the difference equation representing trapezoidal

integration
formula as:
yml=y[n-1]+ (1/2) {x[n] +x[n—-1]}

Taking the z-transform of the above equation gives that:

Y(z) = z'Y(z) + %{ X)) + z'X(2) }

ie. Y(2)1-z7'1 = %X(z)[l+2_1]

Therefore, transfer function H(z) 1s :

Y(2)
X(z)

H(z) =

(1+z7)

ie. H(Z) = 2(1_—2_1)
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2. Let H(z) be the transfer function of a causal stable LTI discrete-time

system. Let G(z) be the transfer function obtained by replacing z/ in
H(z) with a + z!/ 1+ a z!- Show that G(1)=H(1) and G(-1)=H(-1).

Soln) Given that the transfer function G(z) is obtained from H(z)
by replacing

1
_ o+Z
z' by

1
T2 ie.G(Z)=H(2)z" = s
_I_

-1

. 1+ oz
1l.e.replacezby ———
o+ z

or

o+ z
replace Z by @

a) Toshow G(1) = H(1)
G(Z) = H(=)|z = @tz
1+ oz
When z=1,

G(1)=H(a+l

1 )=H@1)
+

b) G(-1)=H(-1)

When z = -1,

G(—1) = H(
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Discrete
Time System

3. Determine the transfer function of a causal stable LTI discrete-time
system described by the following difference equation:
y[n] = 5x[n] + 5x[n-1] + 0.4x[n-2] + 0.32x[n-3]
- 0.5y[n-1] + 0.34y[n-2] + 0.08y[n-3]
Express the transfer function in a factored form and sketch its pole-zero
plot. Is the system BIBO stable?

Soln)The difference equation of a casual LTI discrete system is:
y[n] = 5x[n] + 5x[n-1] + 0.4x[n-2] + 0.32x[n-3]
- 0.5y[n-1] + 0.34y[n-2] + 0.08y[n-3]

Taking z-transform of the above equation:
Y(2)=5X(2)+5z2"' X (2)+0.4z7° X (2)+0.32z° X (2)
-0.527'Y(2)+0.34z7°Y(2) +0.08z Y (z)

i.e.

Y(Z)[1+0.527' =0.34z7° -0.082"]= X (2)[5+5z" +0.4z7° +0.3227°]
The transfer function H(z) s

Yz 5+5z740.4z7 40327

H(z)= =
2 X(2) 1+0.527'=0.3422-0.082"°

_ 10256 56237 47619
(1-0.8z7") (1-0.5z7") (1+027)

ieH(z)
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Discrete
Time System

The pole zero plot of the transfer function using Matlab:
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The system is stable since all the poles lie inside the unit circle
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4. Using z-transform methods, determine the explicit expression
For the impulse response h(n) of a causal LTI discrete-time system
which develops an output y[n]=4(0.75)" u[n] for an input
x[n]=3(0.25)" u[n].

Soln)

Given that the system response  y[n]=4(0.75)" y[n]

for an input x[n]=3(0.25)" y[n]

Taking z transform of each of the equation, we get

1 1
z]=4 and X(z)=3
M= o5 &)= o5
Therefore, the transfer function H(z) is:
-1
ey - V) _4 (120252

X(z) 3°(1-0.75z7)

_ 4 I 0.25z"
3| (1-0.75z7")  (1-0.75z7"

hin] = % [ (0.75)" u[n1-0.25(0.75)"" p{n—11 |
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